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Abstract
This letter revisits the informational efficiency of the Bitcoin market.
In particular we analyze the time-varying behavior of long memory of re-
turns on Bitcoin and volatility 2011 until 2017, using the Hurst exponent.
Our results are twofold. First, R/S method is prone to detect long mem-
ory, whereas DFA method can discriminate more precisely variations in
informational efficiency across time. Second, daily returns exhibit per-
sistent behavior in the first half of the period under study, whereas its
behavior is more informational efficient since 2014. Finally, price volatil-
ity, measured as the logarithmic difference between intraday high and low
prices exhibits long memory during all the period. This reflects a different
underlying dynamic process generating the prices and volatility.
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1 Introduction
In recent years, a new type of financial asset, was introduced. This new type
is labeled with the generic name of cryptocurrency. The most popular one is
Bitcoin, developed upon the seminal paper by Nakamoto (2009). Its market
capitalization is 15 USD billions, it is traded with many of the main national
currencies, with a daily turnover of more than 17 USD milions (Coinmarket,
2016), highlighting the importance of this market from an economic perspective.
Bitcoin emerged recently as a new topic in empirical economic studies. Sco-
pus database (as of September 2017) includes 742 documents with ’bitcoin’ in
its title or keywords. These articles cover legal, economic or computer aspects
of the cryptocurrency. For brevity, we will make a brief review of recent articles
on economic and statistical aspects of bitcoin. Donier and Bouchaud (2015)
study different measures of liquidity as early warning signs of bitcoin market
crash. Two recent papers in this journal examined the informational efficiency
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of the Bitcoin market. In particular, Urquhart (2016) used a set of tests aimed
at identifying autocorrelations, unit roots, nonlinearities and long range depen-
dence in Bitcoin returns. The results are compelling for the whole period under
study, rejecting the null hypothesis of a random behavior of the time series.
However, when splitting the examination into two non overlapping periods, the
paper uncovers that the first subperiod is the main responsible for the informa-
tional inefficiency. Later, Nadarajah and Chu (2017) reexamines the data using
power transformations of daily returns, without rejecting the null hypothesis
of informational efficiency. Bouri et al. (2017a) study bitcoin’s return-volatility
behavior before and after the severe market crash of 2013., and find serial cor-
relation in bitcoin return series. Bouri et al. (2017b) scrutinize hedge and safe
haven properties of Bitcoin vis-a`-vis several stock, bonds and currency indices
around the world. Its main finding is that the cryptocurrency is only useful as a
diversifier device, but not as a hedge instrument. Finally, Balcilar et al. (2017)
detect nonlinearities in the return-volume relationship, which allows for return
prediction.
This letter improves and complements previous literature on Bitcoin in three
aspects: (i) it proposes the use of Detrended Fluctuation Analysis method,
instead of the commonly used R/S method, (i) it works with sliding windows,
in order to dynamically assess the evolution of informational efficiency across
time and (ii) it considers, in addition to daily returns, the long range memory in
the daily volatility of returns, which can proxy the risk of this unstable market.
Volatility analysis is particularly important, because, as studied by Blau (2017)
speculative trading was not responsible for the high volatility of Bitcoin during
the period 2010-2014.
The letter is organized as follows. Section 2 briefly review some key aspects of
the Efficient Market Hypothesis. Section 3 presents the data and methodology.
Section 4 discusses the main findings. Finally, Section 5 outlines the conclusion
of our analysis.
2 The Efficient Market Hypothesis
Over a century ago Bachelier (1900) developed the first mathematical model
of security prices, applying the arithmetic Brownian motion model to French
bonds. The formalization of the Efficient Market Hypothesis (EMH) remained
latent until its theoretical development by Samuelson (1965) and the defini-
tion and classification by Fama (1970). Briefly, the EMH requires that returns
of financial assets follow a memoryless stochastic process with respect to the
underlying information set.
The weak form of informational efficiency excludes the possibility of finding,
systematically, profitable trading strategies. As a corollary, returns time series
cannot exhibit predictable memory content. However, there are several studies
that find long memory in financial time series, using different methods. For
example, Barkoulas et al. (2000) and Blasco and Santamar´ıa (1996) find long
memory in the Greek Stock Exchange and Spanish Stock Exchange respectively.
2
Cheung and Lai (1995) find empirical evidence of long memory in 5 out of 18
developed stock markets and Barkoulas and Baum (1996) do not find strong
convincing evidence against the random walk model in US stock returns. In spite
of the fact that fixed income instruments are very important in the composition
of investment portfolios and in firm and government financing, they have been
less studied than stocks. Carbone et al. (2004) find long memory in German
stock and sovereign bond markets and McCarthy et al. (2009) find long memory
in yields of corporate bonds and in the spread of returns of corporate bonds and
treasury bonds.
Another issue in the literature is the time varying behavior of the market
efficiency. The reasons for the varying memory remains a puzzle. In this aspect
Ito and Sugiyama (2009) find that inefficiency varies through time in the US
stock market. Bariviera (2011) finds that time varying long-range dependence
in the Thai Stock Market is weakly influenced by the liquidity level and market
size. Cajueiro et al. (2009) find that financial market liberalization increases the
informational efficiency in the Greek Stock Market. Kim et al. (2011) find that
return predictability is altered by political and economic crises but not during
market crashes. Remarkably, there is no paper dealing with the long memory
of Bitcoin return volatility.
3 Data and methodology
We use daily price data of Bitcoin. All data used in this paper was retrieved
from DataStream. The period under examination goes from 18/08/2011 to
15/02/2017, for a total of 1435 observations.
The Hurst exponent H characterizes the scaling behavior of the range of
cumulative departures of a time series from its mean. The study of long range
dependence can be traced back to seminal paper by Hurst (1951), whose original
methodology was applied to detect long memory in hydrologic time series. This
method was also explored by Mandelbrot and Wallis (1968) and later introduced
in the study of economic time series by Mandelbrot (1972). This method uses the
range of the partial sums of deviations of a time series from its mean, rescaled
by its standard deviation. If we have a sequence of continuous compounded
returns {r1, r2, . . . , rτ}, τ is the length of the estimation period and r¯τ is the
sample mean, the the R/S statistic is given by
(R/S)τ ≡
1
sτ
[
max
1≤t≤τ
τ∑
t=1
(rt − r¯τ )− min
1≤t≤τ
τ∑
t=1
(rt − r¯τ )
]
(1)
where sτ is the standard deviation
sτ ≡
[
1
τ
∑
t
(rt − r¯τ )
2
]1/2
(2)
Hurst Hurst (1951), found that the following relation
(R/S)τ = (τ/2)
H (3)
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is verified by many time series in natural phenomena.
Since then, several methods (both parametric and non-parametric) have been
developed to calculate the Hurst exponent. We advocate for the use of the
Detrended Fluctuation Analysis (DFA) method developed by Peng et al. (1994)
because, as highlighted by Grau-Carles (2000), it avoids the spurious detection
of long-range dependence. The algorithm, described in detail in Peng et al.
(1995), begins by computing the mean of the stochastic time series y(t), for
t = 1, . . . ,M . Then, an integrated time series x(i), i = 1, . . . ,M is obtained by
subtracting mean and adding up to the i − th element, x(i) =
∑i
t=1[y(t) − y¯].
Then x(i) is divided intoM/m non overlapping subsamples and a polynomial fit
xpol(i,m) is computed in order to determine the local trend of each subsample.
Next the fluctuation function
F (m) =
√√√√ 1
M
M∑
i=1
[x(i)− xpol(i,m)]
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(4)
is computed. This procedure is repeated for several values ofm. The fluctuation
function F (m) behaves as a power-law of m, F (m) ∝ mH , where H is the Hurst
exponent. Consequently, the exponent is computed by regressing ln(F (m)) onto
ln(m). According to the literature the maximum block size to use in partitioning
the data is (length(window)/2), where window is the time series window vector.
Consequently, in this paper we use six points to estimate the Hurst exponent.
The points for regression estimation are: m = {4, 8, 16, 32, 64, 128}. For a survey
on the different methods for estimating long range dependences see Taqqu et al.
(1995), Montanari et al. (1999) and Serinaldi (2010).
Departing from daily returns, we estimate the Hurst exponent using 500
datapoints sliding window. This rolling sample approach works as follows:
we compute the Hurst exponent for the first 500 returns, then we discard the
first return and add the following return of the time series, and continue this
way until the end of data. Thus, each H estimate is calculated from data
samples of the same size. We obtained an average of 935 Hurst estimates.
This sliding window methodology was successfully used to assess time varying
informational efficiency in Cajueiro and Tabak (2006); Cajueiro et al. (2009);
Cajueiro and Tabak (2010); Bariviera (2011); Bariviera et al. (2012, 2014, 2017),
among others.
We compute the Hurst exponent by both R/S and DFA methods for the
usual daily logarithmic return:
rt = (lnPt − lnPt−1) ∗ 100 (5)
and for the daily price volatility, defined as the logarithmic difference between
intraday highest and lowest prices:
ReturnV olatilityt = lnP
high
t − lnP
low
t (6)
Table 1 presents the descriptive statistics of the return and volatility time
series. We observe, similarly to other financial assets, that these series are
leptokurtic and non-normal.
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Table 1: Descriptive statistics of bitcoin returns and volatility.
Return Volatility
Observations 1434 1434
Min -66.3900 -102.9000
Max 48.4800 179.0000
Mean 0.3159 6.2810
Median 0.2310 3.8680
Std Deviation 6.2104 10.1116
Skewness -1.1833 6.5764
Kurtosis 25.5773 107.5844
Jarque Bera 30791∗ 663412 ∗
∗ Significant at 1% level.
Table 2: Descriptive statistics of Hurst estimates.
Hurst R/S Hurst DFA
Return Volatility Return Volatility
Observations 935 935 935 935
Min 0.6357 0.7132 0.4253 0.7952
Max 0.6974 0.7856 0.7224 0.9908
Mean 0.6711 0.7514 0.5698 0.9221
Median 0.6716 0.7509 0.5660 0.9321
Std Deviation 0.0116 0.0141 0.0739 0.0403
Skewness -0.1372 0.0829 0.1441 -0.5957
Kurtosis 2.4216 2.3507 1.7317 2.5336
Jarque Bera 15.9656∗ 17.4936∗ 65.9032∗ 63.7770∗
∗ Significant at 1% level.
4 Results
The use of the sliding window allows the observation of a time-varying pattern
in long memory in financial time series. The graphical results of our empirical
study is presented in Figure 1.
Our findings cover different aspects of these time series dynamics. First,
the R/S method is biased to finding long memory in all the time series. It is
unable to discriminate different dynamic regimes, present in the daily returns of
the bitcoin market. On contrary, the DFA method clearly defines two periods:
before and after 2014. In the first subperiod the time series of daily returns
exhibits a persistent behavior, manifested in Hurst exponents greater than 0.5.
In the second subperiod the Hurst exponents tend to wander around 0.5, making
this behavior compatible with the EMH. According to Bariviera et al. (2017),
the causes for this regime switch are not yet found and returns’ long memory is
not related to trading volume. Second, the Hurst exponents corresponding to
5
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(a) Hurst exponent of BTC daily returns.
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(b) Hurst exponent of BTC daily return volatility.
Figure 1: Hurst exponent using DFA method (blue) and R/S method (red),
using sliding windows of 500 datapoints and one datapoint step forward. The
date corresponds to the first observation of the sliding window.
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the series of return volatility exhibits long memory in all sliding windows. This
kind of dynamics could produce the volatility clustering reflected in Figure 2.
Third, the long term behavior of returns and volatility are different. This kind
of behavior could hide some complex underlying dynamics, which exceeds the
aim of this letter. Descriptive statistics of the Hurst exponents estimates are
displayed in Table 2.
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Figure 2: BTC daily return
5 Conclusions
We study the long memory of the bitcoin market using the Hurst exponent,
computed using two alternative methods. We advocate for the use of the DFA
method because it is more robust and less sensitive to departures from station-
arity conditions. We find that daily returns suffered a regime switch. From 2011
until 2014 the returns’ time series was essentially persistent (H > 0.5), whereas
after that year, the behavior seems to be compatible with a white noise. On
contrary, daily volatility (measured as the logarithmic difference between daily
maximum and minimum price) exhibits a persistent behavior during all the pe-
riod under study. In addition, the long memory content of daily volatility is
stronger than in daily returns. This features give some hints on the character-
istics of this synthetic currency market. In particular, that volatility clustering
is a key feature of the Bitcoin market.
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